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Abstract

Recent advances in Exponential Random Graph Models (ERGMs), op models, include
new speci cations that give a much better chance of model convergence for large netwask
compared with the traditional Markov models. Simulation based MCMC maximum likeli-
hood estimation techniques have been developed to replace the pseudolikelihood method.
To date most work on ERGMs has focused on one-mode networks, with little donén the
case of a liation networks with two or more types of nodes. This paper proposes ERGMs
for two-mode a liation networks drawing on the recent advances for one-mode netwoks,
including new two-mode speci cations. We investigate features of the models by simation,
and compared the goodness of t results obtained using the maximum likelihood and pseudo-
likelihood approaches. We introduce a new approach to goodness of t for network naels,
using a heuristic based on Mahalanobis distance. The classic Southern Women data and
Australian Interlocking Director data are used as examples to show that the RGM with
the newly speci ed statistics is a powerful tool for statistical analysis of a liation networks.
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1 Introduction

An a liation network represents the association between two or more sets of nodes where each
set is a dierent social entity. For example, in an interlocking director network, one set of
nodes are the directors, the other are the companies, with &s representing directors sitting on
company boards. The number of entities within the network isthe mode of the network. This
paper will focus on two-mode networks, also called bipartitenetworks.

There has been considerable interest in analyzing bipartie network data which describes
the interactions between two sets of nodes at two di erent levels, where nodes from one level
are members of the nodes at a higher level. Breiger (1974) clecterised this kind of social
phenomenon in terms of \the duality of persons and groups", hat is, a mutually constitutive
relationship between elements of the two distinct sets. In his paper, we often refer to the two
distinct sets in general terms as people and associations,itlv a link signifying that a person is
a member of an association.

Several techniques have been developed to analyze bipamitnetwork data, including corre-
spondence analysis (Faust 2005), various block models, armbme statistical models. Robins and
Alexander (2004) and Latapy, Magnien and Vecchio (2008) inestigated several features and
graph statistics, and compared them between empirical dataand random bipartite networks
under certain conditions. This paper presents a more explit statistical modeling approach -
exponential random graph (p ) models (ERGMSs) - for bipartite networks. ERGMs incorporat e
network statistics derived from dependence assumptions ajut the contingencies among net-
work ties, and permit hypothesis testing about how the localinteractive process may impact
on the global network structure. ERGMs for bipartite networ ks were originally proposed by
Skvoretz and Faust (1999) based largely on the then prevailig Markov dependence assumption;
Agneessens, Roose and Waege (2004) extended these modeichsihat nodal level attributes
were included as covariates, while Pattison and Robins (209 proposed ERGMs for a liation
networks based on a partial conditional dependence assumjoin (Pattison and Robins, 2002).
However, in all of these studies, pseudolikelihood estim&n methods were applied due to the
technical di culty of obtaining maximum likelihood parame ter estimates.

Snijders (2002) introduced a method for approximating the maximum likelihood estimates
of ERGMs based on Monte Carlo simulations. However, it was aparent that some model spec-
i cations were \degenerate" in that there was no single set d parameter estimates that could
produce a coherent distribution of graphs suitable to reprsent actual data. Model specica-
tion thereby became a crucial issue. For degenerate modelspaximum likelihood estimation
procedures do not result in convergent parameter estimates For one-mode networks, Hand-
cock (2003) has a theoretical analysis of this issue, and Rats, Pattison and Woolcock (2005)
presented some simulated degenerate graph examples usingahkov models. Snijders, Pattison,
Robins and Handcock (2006) proposed a new set of model specations that enhanced the
possibility of achieving model convergence for one-mode ngbrk data.

The new dependence assumptions for one-mode networks presesh by Snijders et al (2006)
can be applied to bipartite networks in ways that we show in this paper, but as will be seen
for bipartite graphs they need translation in terms of parameterization, resulting in some novel
parameters that are not directly applicable in one-mode netvork models. In addition, we go
beyond the Snijders et al (2006) dependence assumptions, qeitting inclusion of parameters
for bipartite clustering and for con gurations for which th ere cannot be counterparts in the
one-mode case.

Work in the statistical modeling of networks is still su cie ntly new that it is not evident
that any translation of speci cations suitable for one-mode networks will also work for typical



bipartite data. In this paper, we show, by example, that when the Snijders et al (2006) and
three path dependence assumptions are extended to the biptite case in the ways presented
here, the resulting models can be applied successfully to axiety of bipartite networks. Further,
the literature to date on bipartite ERGMs still rests on pseudolikelihood estimation. We show
that, analogous to one-mode networks, maximum likelihood e@mation for bipartite models can
lead to di erent conclusions compared with pseudolikelihad, and that new model speci cations
are sometimes necessary for the purpose of model convergerand the avoidance of degeneracy.
More generally, for ERGMs, it is still not always clear how one may choose the best model
from a given set of converged models. In this paper we proposenew heuristic approach using
Mahalanobis distance, and demonstrate how such model selien approaches might be applied.

1.1 Bipartite Network Representations

Let P denote the people set, andA denote the association set. A f; m) bipartite network has
n nodes from setP and m nodes from setA, and it can be represented by a i; m) rectangular
matrix ( X) with numbers of rows and columns equal to the number of nodesn each of the
two sets respectively. If nodei in set P is associated with nodej in set A, then the cell Xj;

= 1, otherwise 0. Figure 1 shows an example of the matrix reprgentation of a (4, 6) bipartite
network, where people are represented by circles and assations by squares.
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Figure 1: Adjacency matrix representation of a (4; 6) bipartite network.

Two one-mode networks can be derived from a bipartite network For example, with a club
membership bipartite network (i.e. if a personi is connected with a clubj, then i is a member
of j), we can derive a person to person network such that if two pegle are in the same club,
there is a tie between them; a club to club network can be consucted in a similar way to form
a member sharing network.

However, information is lost by converting a bipartite network into two one-mode networks.
For instance, if we use binary matrices to represent the one-wde networks, then we lose in-
formation about both the number and the properties of the shaed partners of the other set.
One could use valued matrices to alleviate this problem, as escribed by Wasserman and Faust
(1994), where the values of the tie represent the number of sired partners. Nonetheless, much
information in the original bipartite network is still lost , including information about paths of
length three or more, and the number and location of nodes of elgree one (that is, a node with
a single a liation).

Furthermore, in deriving a one-mode network from a bipartite network, we introduce de-
pendencies among ties in the one-mode network that would neetb be accommodated within
a statistical framework of the type introduced below. It is therefore preferable to build models
for the original network. In this paper, we propose a speci @tion for exponential random graph



models (ERGMS), also calledp models, to model a liation network data directly.

2 Exponential Random Graph ( p ) Models

Exponential random graph (p ) models, introduced by Frank and Strauss (1986), and Wasser
man and Pattison (1996), are a class of stochastic models wth use network local structures
to model the formation of network ties for a network with a xe d number of nodes. We de ne
a bipartite network space X (n; m), which contains all possible fi; m) bipartite networks. The
network can then be represented by a random variableX, which itself is a set of tie variables
Xjj, or X = fXjj 0. A realization of X is denoted byx = fxj g.

Given the values of all other tie variables, two network tie variables are de ned asneighbours
if they are conditionally dependent, i.e. the presence of oa tie depends on the presence of the
other tie (conditional on all other observations). A neighbourhood of mutually, conditionally
dependent, tie variables then forms a local network con guation. Various local interaction
processes can be represented by these network con guratisrbased on di erent tie dependence,
or neighbourhood, assumptions.

From the Hammersley-Cli ord theorem (Besag, 1974), a model ér X has a form determined
by its set of neighbourhoodsQ. This approach leads to a way of selecting models from ERGMs
as a general class of models. Depending on the underlying ggbourhood assumptions, an
ERGM assigns probabilities to X based on a set of counts of regular local con gurations which
are the su cient statistics for their parameters.

ERGMs have the following general form

1 X
Pr(X = x)= —exp 0Zg(x) (2.1)
Q

where for a homogeneous modelwith a given type of neighbourhood Q, which is the set of
neighbourhoo%q thabare isomorphic to Q, zq(x) is then the network statistic having typical

form zQ(>|9 = qu'g x; 2q%ij ), q is the parameter associated with network statistic zo(x),
and = ,x(exp o qZq(x)) is a normalizing constant which is generated over the entie
graph spaceX (n;m). In the case of bipartite networks with (n;m) nodes, there are 2 ™

possible graphs inX (n; m). The intractable normalizing constant makes maximum likelihood
estimation of the model very di cult, and an indirect method , involving Monte Carlo simulation,

is needed as described in section 4.

For a tie variable Xj; in a given network X, let Cjj denote the set of tie variables that is the
complement off Xj; g, x* denote the graph with xjj =1, and x denote the graph with x;; = 0.
Then the conditional distribution of tie variable Xj is given as

Pr(Xj =1jCj)  _ X )
1 Pr(Xj =1jCj) Q QUelXi) (2:2)

logitf Pr(Xj =1jCj)g= log

where ug(X;j ) is the change statistic of type Q obtained by changingx;; from 1 to O:

uo(xj) = zo(x™) zqo(x ) (2.3)

Expression (2.2) gives the log-odds of forming a tie betweenatesi and j, conditioning on
the rest of the network.

1A homogeneous model assumes that isomorphic neighbourhoods have equal grameters, and then the under-
lying e ect for a particular con guration is the same across the entire n etwork.
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3 Model Speci cations

Based on di erent neighbourhood assumptions from the simpést Bernoulli random graph as-
sumption by Erdes and Renyi (1960) to more complex assumptions basedn partial conditional
dependence assumptiorby Pattison and Robins (2002), di erent ERGM speci cations can be
developed. We present a hierarchy of increasingly complexssumptions and associated models.

3.1 Bernoulli Random Bipartite Graphs

The simplest ERGM is the Bernoulli model, which only models the density for a given network.
It is based on the neighbourhood assumption that all tie varables X; are independent. In its
homogeneous form, ties are equiprobable in a graph; there @nly one parameter that controls
the density of the network. The probability of one particular bipartite network x is given by

Pr(X = x) = 1expf zL(X)g (3.2)

where z; (x) is the total number of ties in the network, and is the density parameter. Graphs
generated by a Bernoulli model are calledBernoulli qudoanraphs
De ne the density of the network as d(X) = 7 21 =1 Xij- The density d(x) is an
estimate of the homogeneous tie probability PriX; = 1), then the maximum likelihood estimate
of can be obtained by
d(x)

1 d(x)

Negative values of will produce network distributions with mean densities less than 0.5.

Bernoulli random graph distributions are not, in general, good models for real-world bipar-
tite networks which typically include more network closure than expected in Bernoulli random
networks. By network closure we mean the tendency for netwde ties to form closed patterns and
cycles, sometimes referred to as network clustering. Robsand Alexander (2004) introduced
a clustering coe cient for bipartite networks C(x). For bipartite networks, the smallest local
closure that is not a tie is a four-cycle, denotedCy4(x), and C(x) is de ned as four times the
ratio between the number of four-cycles and the number of thre-paths L 3(x):

= logit( d(x)) = log (3.2)

4 Cy(x)

cix)= L3(x)

(3.3)

For a Bernoulli bipartite network, as all ties variables are independent, the probability for
a given three-path closed by a tieXj; is the same as PrKj = 1). Therefore, the density d(x)
of a Bernoulli network is also an estimate for its clusteringcoe cient. To generate graphs with
higher clustering coe cient, we need a more complicated mo@l assumption. We will compare
a Bernoulli graph distribution with a graph distribution ge nerated from a clustering model
after introducing the partial conditional dependence assuption (Pattison and Robins, 2002) in
section 3.3.

3.2 Markov Assumption

As the Bernoulli model assumes ties are randomly allocatedit is not likely to be adequate
for representing social networks. The Markov neighbourhod assumption was introduced by
Frank and Strauss (1986), and proposes that tie variables nosharing a node are conditionally
independent.



The Markov dependence assumption implies graph statisticincluding stars of di erent sizes
(or k-stars where ak-star is a node of degreek) and triangles for one-mode graphs. With a
Markov assumption, we can explicitly model propensities fo local closure in one-mode networks
using a triangle parameter. However, as bipartite graphs canot form triangles, models satisfying
the Markov assumption only have the edge and star con guratbns, where the stars are of two
di erent types corresponding to the two sets of nodes. Skvoetz and Faust (1999) proposedp
models for a liation networks satisfying the Markov assump tion, including network statistics
for density and for the numbers of stars of di erent sizes. Ttey also used some general network
statistics that were non-Markovian, and extended the modelsby having several blocks for each
type of actors, and included some subgroup overlapping meases based on Bonacich (1972).
The approach taken here is more restrictive in only includirg statistics implied by an explicit
neighbourhood assumption. All models in Skvoretz and Faust(1999) were tted using the
pseudolikelihood method. We will discuss estimation methds in section 5, and a comparison
between pseudolikelihood and maximum likelihood resultss presented in section 8.1.1.

We label the star con gurations as Sp for People-Stars andSp for Association-Stars, as
shown in Figure 5. The Markov assumption can represent popwlrities of nodes in a bipartite
network but it cannot capture the propensity for local closed structures such as a three-path [L3)
closed by another tie to form a four-cycle C4). Accordingly, the parameterization presented in
this paper extends beyond the Markov approach of Skvoretz ath Faust (1999).

3.3 Partial Conditional Dependence Assumption

Pattison and Robins (2002) introduced a more general approeh to dependence assumptions
which they termed a partial conditional dependence assumptionor realization dependencefol-
lowing Baddeley and Meller (1986). This approach relaxes he Markov assumption for depen-
dence between ties by permitting dependence between paird possible ties to be created by
other features of the observed network. A hierarchy of moded can be derived, depending on the
nature of how the observations relate to the dependence strature. Pattison and Robins (2004)
further discussed and illustrated how the assumption may beapplied to a liation networks with

a clustering model that includes parameters for both three-paths (L 3) and four-cycles (C4). We
begin by discussing the more restrictive four-cycle assumjgn which has been applied in the
new speci cations for ERGMs by Snijders, Pattison, Robins and Handcock (2006) for one-mode
networks. Here we apply a four-cycle assumption to bipartitenetworks, by analogy. As the four-
cycle is not adequate for inclusion of a three-path I 3) parameter in ERGMs, we then provide
a detailed description of the three-path assumption which ismore general than the four-cycle
assumption.

3.3.1 Four-cycle Assumption

The four-cycle assumption states that two tie variables Xj and Xy, are dependent, ifxy =
Xj =1, or Xj = Xj) =1, in the case of one-mode networks. l.e. if the tie between and Kk,
and the tie betweenj and | exist, or the ties between node and |, and the tie betweenj and k
exist, then Xj; and X\ would be part of a four-cycle. Snijders, Pattison, Robins andHandcock
(2006) introduced this assumption for one-mode networks. Fobipartite networks, since there
are no possible ties within setA or P, xi = x; =1 (where fi;lg 2 A, and fj;kg 2 P) is the
only requirement for Xj; and Xy, to form a four-cycle, as shown in Figure 2.

The four-cycle assumption is a more general assumption thanhie Markov assumption, as
it permits dependence between two ties that do not share a noel The formation of a tie xj;
is not only a ected by other ties that nodes i and j have, but also by other ties that do not

6



o
R s

Figure 2: Partial conditional dependence assumption when a four-cye is created. (fi;lg 2 A,
and fj;k g 2 P) Dotted lines indicate tie variables, and full lines indicate observed ties.

directly involve nodesi or j, so that the probability of forming a tie is assumed to dependon
whether the dyad is part of a social circuit (four-cycle). For example, if Martin is a member of
a music club, and Alan is a member of a sports club, then whetheMartin is going to join the

sports club probably depends on whether Alan is a member of tb music club so that Alan can
introduce Martin to the sports club. With this assumption, t he four-cycle (C4), the simplest
local closure, can be captured in a model.

The four-cycle assumption also implies partner sharing stretures which we de ne ask-two-
paths We de ne a k-two-path as a subgraph such that two nodes are conected by k two-paths.
A one-two-path is the same as a two-star, and a two-two-path is the ame as a four-cycle. As
bipartite networks have two sets of nodesP and A, two di erent k-two-path structures can be
formed as shown in Figure 3, whereK-Cp is formed by two-paths centered at a person, and
K-Cp is formed by two-paths centered at an association. Note that he gure only includes
k-two-paths up to (k = 4). A ( n;m) bipartite network may have k-two-paths of sizes up to
(k=m) or (k= n).

K-Cr, k=3 K-Ca, k=3 K-Cn k=4

Figure 3: K-Cp and K-Cax

The k-two-path structures represent multiple shared partners: two people may share many
memberships, or two associations may have many shared memise

3.3.2 Three-path Assumption

The three-path assumption further generalizes the dependere between ties such thatX;; and
X are dependent, as long as one of the tiegy or x; exists, wherefi;lg 2 A, and fj;kg 2
P, hence Xj and X, would be part of a three-path as shown in Figure 4. The three-palh
assumption is more general than the four-cycle assumption,sathere need only be one observed
link between two possible network ties for dependence to bestablished, whereas four-cycle
dependence requires two observed links. Three-path dependee implies the presence of four-
cycles as a con guration in the model, but the four-cycle assmption does not imply the presence
of three-paths.



Three-paths (L 3) represent a local structure that could potentially be closed by another tie
to form a four-cycle. The three-path con guration only requir es three ties among four nodes,
whereas the four-cycle con guration requires four ties. Moe three-paths and fewer four-cycles
could shorten the median geodesic path length for bipartitenetworks with the same density,
since the ties that are freed from forming four-cycles can be sed to provide linkages to other
components in the network.

Figure 4. Partial conditional dependence assumption when a three-pa is created. (fi;lg 2 A,
and fj;k g 2 P) Dotted lines indicate network variables, and full lines indicate observed ties.

3.3.3 The Clustering Model

Based on the Markov, four-cycle and three-path dependence assiptions, ERGMs for bipartite

networks include graph con gurations as shown in Figure 5. Mte that the gure only includes

stars up to size three, whereas in a model for an; m) bipartite network, one may include stars
of sizes up tom or n. Notice this model does not include k-paths (apart from four-g/cles) and
other structures on more than four nodes. We introduce them mto the model later.

| (o]
L Sp2 SA2 SF3 SA3 L3 C4

Figure 5: Con gurations for the bipartite clustering model.

For a (n; m) bipartite network, an ERGM can be expressed as equation 3.4t is also referred
to as aclustering model by Pattison and Robins (2004).

1 ( N
Pr(X =x) = —exp zL(X)+  pZs, (X)
) k=2
" )
+ Ax ZSAk (X) + z L3(X) + z C4(X) (34)
k=2
where is the density parameter for the edge statistic:
XX
z (X)) = Xij (3.5)
i=1 j=1

Let xi+ and x;+ denote the degrees of node from association set A) and nodej from
people set ), A, and p, are parameters for association and people stars of size k, &rstars:
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. xXo .
X X
II<+ L Zsp, (X) = Jk+
i=1 j=1

Zs,, (X) = (3.6)

is a parameter for the three-path statistic. Let xj+ and x;+ denote the degrees of nodes
i and | that are frqgn the node setA, and Ly denote the number of two-paths betweeni and
[, then Ly (Xx) = E:l Xik Xk, Where k is from node setP. The three-path statistic can be

calculated as:
X 1xn
7 ,(x) = Loi (Xi+ + X1+ 2) (3.7)
i=1 =2

Finally, is a parameter for the four-cycle statistic:

Xix L 2i

; (3.8)

ZC4(X) =
i=1 1=2

wherei and | are from the node setA. Note that z , and z¢, can also be calculated fromL ok
wherej and k are from node setP.

The clustering model explicitly captures the popularity e ects of nodes of either type through
the two types of star parameters as well as local closure in th a liation network through the
four-cycle parameter. We simulated 1000 (10, 20) bipartite mtworks with a xed density of
0.2 and a positive four-cycle parameter ( = 0:3). The simulation generated networks with
substantially higher mean clustering coe cient of C(X) = 0:674 compared with the expected
clustering coe cient of a Bernoulli random network distrib ution with the same density C(X) =
d(X)=0:2.

Similar to one-mode Bernoulli random graphs which typically feature low clustering and
small median geodesic path-length (the shortest distance li@een a pair of nodes) (Bollobas,
1985; Watts, 1999; Robins, Pattison & Woolcock, 2005), Beroulli bipartite networks are not so
clustered, ties are freed from forming four-cycles to connedo other nodes, hence there are fewer
isolated components in the network, and the median geodesigath-length tends to be relatively
small compared to more clustered networks.

4 Simulation

There are many di erent strategies for simulating exponential random graph models (Snijders
2002). The strategy used here is based on the Metropolis-Hasigs algorithm, conducted as
follows:

1. Start with a given graph x, which can be any graph within the graph distribution state
spaceX (n; m).

2. A pair of nodesi andj is selected at random. For bipartite networks, noded and | belong
to di erent node sets. Tie x; is either added or removed to form a candidate graphx®
such that x{ =1  x; .

3. Using the change statisticug of type Q, as de ned in equation (2.3), which can also be
calculated as

uo(xij) = jzo(x9  zo(X)j (4.1)



the candidate graph x°is accepted with probability min(1;r), wherer is de ned as:
_Pr(x=x9_ X )
= X = %) exp . QU (Xi) (4.2)

In the case of the clustering model (3.4), letL,; denote the number of two paths between
association nodesi and |, the change statistics for Lz and C4 calculated from the reduced
bipartite network (i.e. the tie between nodesi and j is absent, orxj =0) can be expressed as

xXn
(i) = Xiexje + fxp(xe 1)+ Laig (4.3)
I=1
X1
Uc,(Xj) = Xii L 2i (4.4)
I=1
The simulation establishes a Markov chain through the statespaceX (n; m) with n nodes inP
and m nodes inA. The Markov chain has the distribution (3.4) as its stationary distribution.

This simulation strategy has the advantage that the normalizing constant cancels due to
division, and calculation of the change of graph statisticsug consumes much less computing
power than would recalculation of the graph statistics for every candidate graph.

To generate a graph distribution that is independent of the garting graph, an initial burn-in
time is required, and the graphs generated from the burn-in shulation should not be taken into
account. The length of the burn-in depends on how atypical thestarting graph is for the graph
distribution de ned by the model.

The simulation method forms the basis for exploring properies of various model speci ca-
tions and the e ect of a change in parameter values for a spe@d model. The Markov chain
Monte Carlo maximum likelihood estimation relies on simulaion, and simulation is also used to
assess heuristically the goodness of t of models.

5 Estimation

5.1 Maximum Pseudolikelihood Estimation

Maximum likelihood (ML) estimation is di cult for exponent ial random graph models as calcu-
lation of the normalizing constant is intractable. To avoid the need to calculate the constant, a
pseudolikelihood (PL) estimation method was proposed by Fank and Strauss (1986) and Strauss
and lkeda (1990). Instead of maximizing the original likelihood function, a logit model can be
tted conditioning on the rest of the network, using standar d logistic regression methods.

The PL estimation is the same as the ML estimation if the dyadsof the network are assumed
to be conditionally independent. However, this assumptionis rarely satis ed in the case of social
networks, hence the standard error from PL estimation does ot apply, and the estimates can be
quite di erent from the ML estimates. This can be assessed bycomparing the observed network
characteristics (e.g. the number of four-cycles) with the dstribution of these characteristics ob-
tained from simulation using the PL estimates. Section 8.11 gives an example of PL estimation
and its goodness of t on an observed network.

5.2 Markov Chain Monte Carlo Maximum Likelihood Estimation

Maximum likelihood estimation procedures for exponential random graph (p ) models were
proposed by Snijders (2002) based on the stochastic appraxiation method proposed by Robbins
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and Monro (1951), with graph samples taken from simulations
The vector of ML estimates " generates a graph distribution X with expected values of the
graph statistics equal to the observed graph statisticsz(x).

Elz(X)j" = z(x); (5.1)

where z(X) is a vector of graph statistics, andx is the observed graph.

At the end of estimation, a large number of simulation iterations is carried out with the nal
estimated parameters’\. To check whether " can generate the expected graph distribution that
is centered at the observed network, thet-ratio for convergence test for each of the individual
graph statistics is calculated as

(o = 22 EGa(O)) 52)

Mal(zo(X)i")

where X is the graph distribution simulated by applying parameter ", and "q is the estimated
standard error for parameter g calculated from the square-root of the estimated covariance
matrix. If jtgj 0:1; 8Q, then the approximation may be considered as having converegd.
If j’\Qj > 2"q, we may conclude that ’\Q is signi cantly di erent from 0, and that there are
signi cantly more (’\Q > 0), or signi cantly less (AQ < 0), con gurations zq in the observed
network (x) than expected.

For one-mode networks, this estimation algorithm has been implemented in the program
SIENA (Snijders, Steglich, Schweinberger and Huisman, 2008), ahthe program PNet (Wang,
Robins and Pattison, 2006). Another programstatnet (Handcock, Butts, Hunter, Goodreau and
Morris, 2008) is implemented under the R environment, and uss a di erent algorithm based on
Geyer and Thompson (1992) to estimate similar models. For te purpose of MLE of ERGMs
for bipartite networks, the program BPNet, as an extension to PNet, is implemented.

6 New Speci cations

6.1 Limitations of the speci ed models

The models described in section 3.3 suer from model degenacy and have problems with
achieving convergence, as changing some of the tig 's may lead to large change statistics for
other tie variables Xy, . If the parameter associated with the number of four-cycles pk-stars
(k  2) are positive, then the most probable networks are ones neaomplete; if the parameters
are negative, near empty graphs are more probable. As simul@mn proceeds, this can lead to
near complete or near empty graphs with very little probability of generating networks with
medium density.

To illustrate this behavior, a simulation was carried out on a (20, 30) bipartite network. We
simulated the density and four-cycle model with the density parameter xed at = 3.0, and
the four-cycle parameter changed from 0 to 0.02 in steps of 0.001. All other parameteri this
simulation were kept at 0. For each parameter set (; ), 100; 000 simulated graphs were cut o
as the initial burn-in, and every 10,000th sample graph was t&en from another 10Q 000 simu-
lated graphs, so there were 10 graphs for each set of parameterepresenting the corresponding
graph distribution. The number of ties L in each simulated graph is plotted against the four-
cycle parameter in Figure 6. The triangles pointing upwardsare from simulations started from
empty graphs, and the triangles pointing downwards are fromsimulations starting from com-
plete graphs. The plot shows that when 2 (0:012 0:015), the model generates a two-region
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graph distribution that is close to either near empty or near complete graphs. By increasing or
decreasing the density parameter value, the two-region inteval will be shifted towards the right
or the left.
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Figure 6: Simulation of and model

The model is near degenerate since it puts too much weight onear complete and near empty
graphs. Most human social networks are denser than almost epty networks and sparser than
almost complete networks, and a density and four-cycle modek seen to be a poor one for such
contexts. For one-mode networks, Handcock (2003) has a theetical analysis of this issue, and
Robins, Pattison and Woolcock (2005) show some simulated dgnerate graph examples using
Markov models.

To avoid large changes in the four-cycle, or k-star K  2) statistics, an extended set of
ERGMs for one-mode networks were proposed by Snijders, Pasibon, Robins and Handcock
(2006). Hunter and Handcock (2006), Robins, Pattison, Kalsh and Lusher (2007), Robins,
Snijders, Wang, Handcock and Pattison (2007), Hunter (2007 and Goodreau (2007) provided
further discussions and modeling examples using the new spiecations.

For a liation networks, we apply similar techniques as in th e new speci cations for one-mode
networks, and introduce two types of Alternating-k-stars and Alternating-k-two-paths.

6.2 Alternating k-stars
6.2.1 De nition

For bipartite networks of size (n;m), with speci cation as de ned in equation (3.4), one can
model stars of two types up to sizen and m. The model puts large weights on big stars,
or nodes with high degree, which causes the degeneracy prelbh. The new speci cation uses a
single parameter for the entire degree distribution by introducing a weight parameter s, ¢ 1,
which dampens the e ect of large changes in the statistics ofarge stars. The weights of stars
also have alternating signs, so that even-k-stars' positive wights are balanced by the odd-k-
stars' negative weights. The original intuition behind applying the alternating signs is that from
model tting experience; converged Markov models with two-gar and three-star parameters on
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various datasets often have positive two-star parameter estnates together with negative three-
star parameter estimates. To explain such a pattern, using driendship network as an example, a
positive two-star parameter indicates that people are willing to make friends, while the negative
three-star parameter can be explained by the high cost of forimg and maintaining too many
friendships such that there exists a \ceiling" on how many fiiends one can make and maintain
(Robins et al, 2005). The new graph statistic is known asalternating k-stars with weighting
parameter . Since there are two sets of nodes? and A, we de ne two separate alternating
k-star statistics as,

xn

e (ax) = (A 6.1)
k=2 s
xn )

e (ax) = (12 6.2)
i=2 S

Notice that the weights of large stars are dampened by powersf s, together with the alternating
sign, the alternating k-star statistic is in fact a sum over a negative geometrically weighted
sequence. Models with such statistics assume there is suchgeometrically weighted degree
distribution in the underlying network. This assumption do es not apply in all networks, but it
has proven to be quite robust for improving model convergene. We will see the advantage and
limitations of this assumption in our modeling examples anddiscussions.

To simplify the expressions, we use equation (6.2) as an exgste. The statistics for people-
stars of sizei (zsp,(x)) are de ned in equation (3.6). Expression 6.2 can then be witten as

Zsp, (X 1 X;
o (x) = (2T i
i=2 s i=2 S =1
— ZX’] X ( i)l Xj+
= 2 |
j=1 &:2 s )
xn .
= 3 ( Ly 1+ 2 (6.3)
j=1 =0 S ! s
Applying the binomial formula then gives
X 1. X
ke (sX)= 5 (1 S+ 1 (6.4)
P S S
j=1
When ¢ =1:0, expression 6.4 simpli es to
X
Zkep (s =1:0;x)=227.(X) n+ Ifxj+ =0g (6.5)
j=1
where z (x) is the number of edges, and is a binary indicator function such that
Ifx» =0g= & T4+ =0) (6.6)

0; otherwise

We can derive similar expressions for Association alternang k-stars (zx, ) using the same
technique.
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To calculate the change statistics for the alternating k-stas as de ned in equation (2.3), we
use the formula based on the number of alternating (k-1)-starsn the reduced graph where the
tie xj =0. For node j 2 P, the change statistic for the People alternating k-stars is

LS L 1
Ukgp (&%) = = o= s 1@ 2y (6.7)
i=1 s ! s
Similarly, for node i 2 A,
. 1 Xi+
Uk SA ( Ss Xij ) = s 1 (1 7) I (68)
S
When ¢=1:0, (6.7) simplies to
Uksp (s =1:0;xj) = Ifxj+ > Og; (6.9)

wherel is a binary indicator function. Similar expressions can be @rived for alternating k-stars
centered at an Association (K-Sa).

By assigning alternating signs to the stars, we assume that he parameters for stars of
di erent sizes also have alternating signs. As in the clusteing model (3.4), let denote the
parameter for the alternating k-stars statistic, the parameters for each individual star of sizek,
denoted by g, can be derived from by

K+l = —k; where .= ; k 2 (6.10)
S
When ¢ = 1, the alternating k-star parameter models the number of isdated nodes dis-
tinctly. When ¢ = 2, the di erence in the change statistics of 5-stars and 6-stas are less than
0.02, hence the model treats nodes with degree higher than & almost equivalently. As s!1
the alternating k-star is almost equivalent to a two-star.

6.2.2 Simulation with alternating k-stars

Simulations comparing the density and two-star model versughe density and alternating k-star
model show that the density and alternating k-star model gives a better coverage over the graph
space, hence a better chance of achieving model convergeringhe MCMC MLE.

Figure 7 shows simulation plots of a densityL and two-star Sp, model that simulates bipar-
tite graphs with (30, 20) nodes. The density parameter is xed at = 3:0, and the parameter

p, changes from -1 to 1 in steps of 0.1. For eachp,, every 100,000th simulated graph was se-
lected from 1,000,000 simulated graphs, the number of tiek for the sample graphs are plotted
against the p, parameter value. The results show that theL and Sp, model is more consistent
in that there is no multiple region for one set of parameter vdues. However it still puts too
much weight on graphs with very low or very high densities.

Results from simulations conducted using the same simulatin strategy for a density and
alternating k-star K- Sp model on the same sized (30, 20) bipartite network are plottd in
Figure 8. From the results we can see that as the alternating kstar parameter increases, the
density of the network increases slowly from empty to the corplete graph. There are reasonable
numbers of simulated graphs with densities over the entire ange from 0 to 1. For all observed
bipartite networks of the same size, we would expect to obtai a converged model with the
density and the alternating k-star parameters.

14



..........

600 ‘ AR AL A AR ]

500

.

o

o
|

number of ties (L)

sadadaassad -aug*?’-%
_ & ‘__:&'u;&a‘ ﬁﬁuax a|..|

T T T T T
-1.00 050 0.00 0.50 1.00

parameter for people-two-stars (Sp2)

Figure 7: Simulation: and p, model

6.3 Alternating k-two-paths
6.3.1 De nition

Alternating k-two-paths are de ned in a similar way as in alter nating k-stars where negative
geometric weights are applied on the degree distribution. ldre we apply the same negative
geometric weights on the k-two-paths as de ned earlier in segon 3.3.1. Using KCp as an
example, the number of k-two-paths can be expressed as,
Cp, ,P
Ll ta if k> 2
Zp (x;k)= P PR K,

6.11
5 i=1 1= & ifk=2,duetosymmetry (6.11)

where both nodesi and | are from the association setA.

Applying a weighting parameter ¢, and alternating signs as for alternating k-stars, we form
the alternating k-two-path statistic

22t,3(x;2)+r)(2 1 i

ZKCP( t;X) th (X’l) th (Xal)
i=3
X1xn 1
= 1 (1 =)t (6.12)

i=1 1=2 t

which reduces to the number of dyads which are indirectly conected by at least one two-path,
when =1:0.
XX
Zkep (1 =1:0;x) = [fLy > Og (6.13)
i=1 I=2
From the reduced network wherex; =0;i 2 A andj 2 P, the change statistic for K-Cp is
the number of weighted k 1) two-paths that nodesi and | have, wherel 2 A.
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( )
XLk Ly
Ukep ( 3Xjj) = Xii K
=1 k= t
)(n 1 LZH
= Xj| 1 — (6.14)
1=1 t
When  =1:0, the corresponding change statistic is
xn
uKCP( t:1:0;xij): Xj||fL2i| :Og (6.15)

=1

The statistic and the change statistic for the alternating K-Ca can be derived in a similar way.

As a four-cycle is the smallest closure that is not a dyad, the prameter value for alternating
k-two-paths is an indication of the likelihood of forming a sogal circuit with multiple shared
partners. K-Cp represents associations sharing multiple members, whereaK-Cp represents
people related to common associations. Given the rest of a nael, a signi cantly positive
parameter estimate for K-Cp or K-Cp indicates that the corresponding sharing activity happens
more than expected in Bernoulli random networks.

6.3.2 Simulation with alternating k-two-paths

Simulation was carried out on bipartite graphs with (30, 20) nodes, starting from both empty
and complete graphs. The parameter was xed at = 3.0, and the parameter ., for
K-Cp varied from -1 to 10. The result is plotted in Figure 9. Comparead with Figure 6, it shows
a much better coverage of the graph space, and the density ptualternating-k-two-paths model
is less likely to be degenerate.
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7 Goodness of t

The goodness of t of an ERGM can be assessed heuristically bgimulation, where various
statistics from the observed network are compared with the gatistics collected from the simu-
lated network distribution to see whether the simulated graph distribution is \centered" at the
observed network. The various statistics should not be limied to the ones that are being mod-
eled in the given ERGM, as they should be well tted if models siccessfully converge. Instead,
goodness of t analysis needs to include other network stastics. The choice of graph features
to assess goodness of tis up to the researcher. We includedaph statistics from the clustering
model (3.4), the alternating stars and alternating two-paths, the clustering coe cient as de ned
in equation (3.3), and the standard deviation and skewness fothe degree-distributions of each
of the simulated graph samples. Hunter, Goodreau and Handak (2008) used similar graph
statistics to test the goodness of t for one-mode networks.

7.1 Goodness of t statistics

A simple goodness of t statistic is the t-ratio, as de ned in equation(5.2), which is calculated
from the means and standard deviations of the simulated grap statistics. Small t-ratios indicate
good model t. As in the estimation algorithm, for statistic s that are modeled in a given ERGM,
the absolute value of thet-ratios should be less than 0.1 to demonstrate that the model as
converged. For other network statistics, we use thet-ratios as a heuristic approach, and infer
that t-ratios smaller than 2.0 in absolute value indicate acceptale ts.

The t-ratios assess goodness of t on each network statistic indegndently. We need to take
into account correlations among statistics to assess the @rall t of the model. The Mahalanobis
distance introduced by P. C. Mahalanobis in 1936, is a distance measa showing how far away a
particular network is from the center of a distribution of ne tworks represented by the distribution
of graph statistics generated by an ERGM. LetZ(x) = [ z1(X);z2(X);  ;Zo(X)] be a vector of
observed network statistics, = ( 1, 2; ; @) be the vector of the corresponding means
obtained from the simulated graphs, and be the covariance matrix, the Mahalanobis distance
dy is then calculated as

q
dv = (Z(x) )T HZ(x) ) (7.1)
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Small dyy suggests the center of the graph distribution generated frm the model is close to
the observed network. If the distribution of Z(x) is multivariate normal, then df followsa 7 -
distribution, where k is the number of estimated parameters. However, further inestigations

are required to check whether it is appropriate to apply a 2-test in the case of ERGMSs.

7.2 Limitations of the new speci cations

The proposed new speci cations for ERGMs for bipartite networks follow the partial conditional
dependence assumption; they have a wider coverage of the gria space, and are less likely to
be degenerate compared with Markov or the clustering models They also provide a much
better chance of obtaining maximum likelihood parameter eimates. However, the geometric
weighting assumption on degree-distribution and two-path-dstribution may not apply to all
observed bipartite networks. Following the formulae for the new speci cation statistics, networks
with di erent combinations of stars or two-paths of di erent sizes can give the same count for the
number of alternating-k-stars or alternating-k-two-paths, hence we may have a converged model
that ts the newly speci ed statistics well, but not each ind ividual k-star or k-two-path. In such
cases, Markov models may produce a better t to the observed atwork if we do in fact have a
converged Markov model. Section 8.2.2 is an example of suchaase. Further investigation of
possible dependence assumptions and assumptions about tliegree-distribution or two-path-
distribution may help resolve this issue.

8 Examples

In this section, three bipartite networks were analyzed using the newly proposed ERGMs for
bipartite networks. The rst network, known as the Southern Women network, is a classic
a liation network data set collected by Davis, Gardner and G ardner (1941). It is about the
participation in 14 informal social events by 18 women in Nathez, Mississippi over nine months.
The second and third networks, collected by the Social Netwtks Research Group at the Nether-
lands Institute for Advanced Study (NIAS) in 2000-2001, and analysed by Robins and Alexander
(2004), are two a liation networks describing how director s were interlocked among the top 500
companies in Australia in 1996. Various models with di erent parameters were tted and as-
sessed using the goodness of t strategy described in secticr.

8.1 Southern Women

Since rst published in the 1940s, the Southern Women netwok has been analysed using several
social network analysis techniques, including some earlypeci cations of ERGMs for a liation
networks by Skvoretz and Faust (1999); Freeman (2003) givean extensive review of various
analyses that have been conducted on this data set; also, Péson and Robins (2004) applied the
clustering model (3.4), to this network using pseudolikelhood. A visualisation of the network is
shown in Figure 10 where circles represent women and squarespresent events.

There are some interesting features of this network, the lagut of the nodes represents a kind
of equivalence structure where women aligned in one columnnty attended events in adjacent
columns. From the display of the data, we see that most of the wmen can reach most of
the events within three-steps. From these observations one ay conclude that four-cycles and
three-paths are probably the signi cant local network structures. We can test this using the
ERGMs.
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Table 1: PLE and MLE of Model 8.1 for the Southern Women Data

E ect PLE | MLE (S.E) | t-ratio*

Density (L) -2.374| -2.031 (0.314)| 0.043
Woman 2-Stars (Sp,) | 0.131| 0.064 (0.059)| 0.028
Event 2-Stars (Sa,) 0.186| 0.180 (0.039)| 0.017
*t-ratios for convergence as de ned in (5.2)

8.1.1 Pseudolikelihood and Maximum Likelihood Estimation Resu Its

Skvoretz and Faust (1999) explored some possible ERGMs on th data set, including some
network statistics that satisfy the Markov assumption. However, the maximum likelihood (ML)
estimation method was not available at that time, and pseuddikelihood (PL) estimation was
used. Table 1 shows both the PL estimates from Skvoretz and Rast (1999) and ML estimates
with estimated standard errors, using BPNet for the same Makov model.
1 n o]
Pr(X = X) = —€exp ZL(X)-'- szzSPz(X)+ SAZZSAZ(X) (81)

From Table 1, we can see that all thet-ratios for the ML estimates are less than 0.1 indi-
cating good model convergence. The parameters for densityL) and event-two-star (Sa,) are
signi cantly di erent from 0, as indicated by the estimated standard errors being less than half
the corresponding parameter estimates.

Comparing the PL estimates and ML estimates in Table 1, we seéhat the estimated param-
eter values are similar for event-two-stars Ga,). However, the PL estimation underestimated
the parameter for density (L) by more than one standard error. The PL estimation also over
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Table 2: Goodness of Fit for the PLE and MLE of Model 8.1

PLE MLE PLE MLE

z(X) | t-ratio | t-ratio zZ(X) t-ratio | t-ratio
L -10.929| 0.036| K-Sa -10.814| -0.010
Sp, -7.981| 0.047| K-Cp -84.056| 0.127
Sp, -6.158 | 0.040| K-Ca -100.875| -0.113
Sa, -8.000| 0.027| stddev Dp 1.940| 0.970
Sa; -6.247| 0.085| stddev D 1.239| -0.021
La -6.235| -0.083 | skewDp 2.791| 0.455
Ca -5.047| 0.003| skewDa 2.744| 1.005
K-Sp | -10.709| 0.028| Clust.Coef. -9.361| 0.833
dwm PLE = 436.067 MLE = 8.068

estimated the woman-two-star (Sp,) parameter by more than one standard error. These di er-
ences in parameter estimates will cause large di erences ithe graph distributions represented
by the models. To demonstrate the di erence in graph distributions, model goodness of ts were
assessed using simulated graph distributions.

In the goodness of t simulations, the rst 100,000 simulated graphs were used as initial burn-
in; 1,000 graphs were then taken out of a further 1,000,000 siulated graphs by selecting every
1,000th graph. The means of various statistics collected trough the simulation were used to test
against the observed graph statistics. The values of the-ratios and the Mahalanobis distances
(dwm ) are shown in Table 2, whereSp denotes woman starsSa denotes event stars, KEp denotes
alternating k-two-paths formed by two-paths centered at a woman, K-Ca denotes alternating
k-two-paths formed by two-paths centered at an event,Dp denotes the degree distribution of
woman nodes, andD 5 denotes the degree distribution of event nodes. The di erenes int-ratios
between Table 1 and Table 2 for e ects that were included in the model are due to randomness
in the simulations.

The PL estimates provide a poor t to the data as most of the t-ratios are greater than
2:0 in absolute value. The large Mahalanobis distance for PL d8nates also indicates that the
observed network is far away from the center of the graph digibution. In contrast, the ML
estimates give a very good t to each individual network statistic, where the largestt-ratio is
for the skewness of the event degree distributiont(= 1:005< 2:0), and it has a much smaller
Mahalanobis distance. Hence the ML estimates provide a mucbetter t than the PL estimates.

The advantage of PL estimation is that it will always produce parameter estimates, and quite
often the estimates are close to the ML estimates. PL estimas however, can be misleading, as
illustrated here in the over-estimation of the parameter for woman two-stars (Sp,). Therefore,
ML estimation is the preferred method if model convergenced achievable. If model convergence
is not achievable, one might not wish to simply rely on PL estmates (which we have shown can
be problematic) but seek a better- tting model.

8.1.2 Model Selection

For an observed network, one may t several ERGMs with di erent numbers of parameters
according to the underlying neighborhood assumption. Howeer, not all tted, or converged,
models will give a good t to the observations. An ideal modelshould converge, provide a good
t to the original network, and be easy to interpret. In our ca se, to nd the best model for the
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Table 3. Parameter Estimates of Models from (8.2) to (8.6)

MLE (SE)

E ects Model (8.2) Model (8.3) Model (8.4)
Density (L) -0.605 (0.127)| -2.031 (0.314)| -2.713 (0.413)
Woman 2-stars (Sp,) 0.064 (0.059)| 0.560 (0.176)
Event 2-stars (Sa,) 0.180 (0.039)| 0.503 (0.131)
Three-paths (L3) -0.040 (0.018)

Model (8.5) Model (8.6)
Density (L) -3.418 (1.638)| 3.384 (3.220)
Woman Alt. k-stars (K- Sp) | 0.407 (0.663)| 2.973 (0.687)
Event Alt. k-stars (K- Sp) 1.089 (0.587)| -4.561 (1.788)
Alt. 2-paths (K- Cp) 0.299 (0.112)
Alt. 2-paths (K- Ca) -0.985 (0.265)

Southern Women network, ve di erent ERGMs were tted. Star ting with a simple Bernoulli
model (8.2), and ending with a model involving alternating two-paths (8.6); they all successfully
converged during estimation. The parameter estimates andheir estimated standard errors are
shown in Table 3. Note that the clustering model (3.4) did not converge due to the degenerate
behavior of the model.

Pr(X =x) = }expf z (x)g (8.2)
1 n 0

Pr(X =x) = —exp zL(X)+ pyZs,(X)+ A,Zs,,(X) (8.3)
1 n 0

Pr(X =x) = —exp zi(X)+ p,Zs,,(X)+ ayZs,,(X)+ Z 15(X) (8.4)
1

Pr(X = x) = —expf zL(X)+ KkgpZksp (X; )+ Kon ZKsa (X5 )05 =2:0 (8.5)
1

Pr(x = X) = 7expf ZL(X)+ Ksp ZKsp (X1 )+ Ksa ZKSA (X’ )
t Kep ZKep (X5 )+ Kea Zken (X5 )05 =220 (8.6)

To select the best model out of the ve, the goodness of t strategy was carried out where
graph distributions are simulated from each of the models, ad tested against the original data.
The goodness of t involved 100,000 graphs as burn-in, then D00 graphs taken from 1,000,000
simulated graphs using a step size of 1,000. The not well ttd statistics with t-ratios > 2:0 and
the Mahalanobis distances are given in Table 4. Note that modl (8.3) is the same as model
(8.1), which was used to test against pseudolikelihood estiates.

The Bernoulli model (8.2) gives a good t on the density of the network, but not on the
event three-stars Sa,), the event degree distribution (Da), or the clustering coe cient. The
large Mahalanobis distance also indicates the observed nebrk is away from the center of the
simulated graph distribution.

Compared with model (8.2), model (8.3) gives a much better t to the observed network,
as all t-ratios for the goodness of t for model (8.3) are less than 2.0 The parameter estimate
for event two-star (Sp,) is signi cant, indicating that there was a greater variance in event
attendance. Some events attracted greater attendance thamxpected in a random network; at
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Table 4: Not well tted statistics for models from (8.2) to (8. 6)

Model t-ratios

Statistics (8.2) | (8.3) | (8.4) (8.5) (8.6)
Sa, 2.585| 0.085| 0.054| 1.883| 0.054
stddev Dp 1.180| 0.970| 0.215| 0.864| 2.058
stddev Da 4.261| 0.455| 0.198| 2.749| 0.450
Clust.Coef. | 3.149| 0.883| 2.133| 2.411| 1.183
dm 19.479| 8.068| 10.260| 15.982| 10.905

the same time, there were more events with low degrees. Any vetion in the activity of popular
women, however, occurs at levels consistent with chance, or the event popularity is taken into
account.

For ERGMs, it is not always the case that the goodness of t wodd be improved by including
more parameters in the model. Model (8.4) tted the three-paths (L3) explicitly, and the
estimation results show that all parameters in this model ae signi cant. However, compared
with the simpler model (8.3), the model has a greater Mahalaobis distance, and the clustering
coe cient is not tted well. As mentioned before, the model t hat includes a parameter forCy
did not converge.

Both model (8.5) with the alternating k-stars included and model (8.6) with the alternating
two-paths included converged, and provided reasonable ts ¢ the data. Compared with model
(8.5), model (8.6) provides better ts on event degree distibution (D) and the clustering
coe cient, but a worse t on women degree distribution ( Dp). Both of the models (8.5) and
(8.6) are more complicated than model (8.3), and produced leger Mahalanobis distances.

From the discussion above, we conclude that model (8.3) is th best model among the models
we have considered for the Southern Women network. The clusting model (3.4) did not
converge, whereas model (8.6) is shown to have a better chamof achieving model convergence
when closure e ects (K-Cp and K-Cpa) are included in the model. However, the simpler Markov
model (8.3) provides a better t to the data. From model (8.3) the conditional log-odds of
woman i attending event j is given by

2:031u. (Xij )+0 2064USP2 (Xij )+0 2180JSA2 (Xij ) (8.7)

The model tells us that the three-path and four-cycle structures could have occurred simply
by chance given the density and two-star e ects. The signi cant positive event two-star (Sa,)
parameter indicates that there were greater discrepanciesn the popularities of events than
expected in a random network. This seems to be the most parsionious explanation of this
data, based on our results.

8.2 Interlocking Directors

In the simulation study by Robins and Alexander (2004), the interlocking company directors
network structures of the US and Australia in 1996 were compeed. The observed network
statistics were compared with simulated random network digributions with the same density as
the observed network, thenZ -scores were used as indications of the level of di erences tveen
the observed networks and the random network distribution.
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The modeling examples we use here are based on the same datairee. The rst example
is the data from the top fty nancial institutions in Austra lia (1996); the second is the largest
interlocked component from the top 500 companies from bothhe nancial and industrial sectors.

8.2.1 Top 50 Financial Institutions (1996)

In 1996, there were 366 directors working for the top 50 Austalian nancial institutions. The
network plot is shown in Figure 11, the black squares are congmies and grey the circles are
directors. If a director is sitting on the board of a company, there is a tie between them. There
are 395 ties which gives a density of 0.022. The (366, 50) nodetwork is much larger than the
(18, 14) node Southern Women network. Using the clustering rmadel (3.4) with L3 and Cg4, it
was impossible to achieve convergence. We use this example $show how the model (8.8) with
alternating k-stars and alternating two-paths performs on larger networks.

Figure 11: Top 50 Financial Institutions, Australia (1996)

1
Pr(X =x) = —expfzi(X)+ kepZkep (X; )+ KsaZKsa (X5 )

+ KenZkep (X3 )+ Kep Zkep (X5 )95 =200 (8.8)

There are thirty disconnected components in this network, while the largest interlocked
component has fourteen companies and eighty directors. Mof the directors set on two or
fewer boards. The company with the greatest degree has foueen directors on board. There is
one director with degree four, and another director sits on tiree boards. These two out of the
366 directors may create di culties for model goodness of t on director degree distributions.
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Table 5: Parameter Estimates for Model (8.8)

Without exogenous e ects | With exogenous e ects
E ect MLE S.E. t-ratio* MLE S.E. t-ratio*
Choice (L) 0.298 1.602 -0.027 2.573 2.531 0.080
Director alt. k-star (K- Sp) | -2.021 0.867 -0.051 -4.496 2.060 0.037
Company alt. k-star (K-Sp) | 0.662 0.857 -0.028 0.617 0.972 0.078
Alt.2-path (K- Cp) -0.042 0.038 -0.005 -0.047 0.038 0.022
Alt.2-path (K- Ca) -5.147 0.617 -0.062 -5.157 0.588  0.047

*t-ratios for model convergence as de ned in (5.2)

Table 6: Goodness of Fit Comparison for Model (8.8)

Without exogenous e ects | With exogenous e ects
z(x) obs. | Mean S.E. t-ratio Mean S.E. t-ratio
Sp, 5] 0.021 0.143 34.708 5.019 0.137 -0.139
skewDp | 4.732| 2.477 0.444 5.083 4.760 0.678 -0.041
dwm 74.794 4.496

One method of improving t is to treat these two directors as special cases and consider their ties
as exogenous. Such exogenous e ects will impose a conditidhat any change of tie variables
associated with the two directors is not allowed. We t model (8.8) both with and without
this condition. In both cases, the model converged with the ame parameterization, and the
parameter estimates are listed in Table 5.

For the model without exogenous e ects, the parameter estinates for density, company
alternating-k-star and alternating two-paths linked by directors (K-Cp) are not signi cantly
di erent from 0. There is a strong negative tendency for forming director alternating k-stars and
alternating two-paths (K- Ca), where two directors are linked by multiple common companes.
The distribution of directorships is relatively at. The pa rameter estimates for the conditional
model with exogenous e ects give similar interpretations & the non-conditional model.

We compare the goodness of t of both models using 3,000 out &,000,000 simulated graphs
as representations of the underlining graph distributions The mean and standard deviations
(S.D.) of the not well tted statistics are listed together w ith the observed graph statistics (obs)
in Table 6. The model without exogenous e ects gives a good ton most of the graph statistics,
except the director three-star (Sp,) and the skewness of the director degree distribution Dp),
as indicated by large t-ratios and the large Mahalanobis distance. As mentioned beire, the
director with degree four not only provides a four-star but also four out of the ve observed
director three-stars. The director who sits on three boards ontributes the remaining of the ve
observed three-stars. The model does not include a directorofir-star parameter, and even if
we included such a parameter, it will be dicult for the model to converge successfully with
only one observed four-star. In contrast, the model with the high degree directors treated as
exogenous ts the data very well, as indicated by the smallt-ratios and Mahalanobis distance.

According to the conditional model, with the high degree directors exogenous, the conditional
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log-odds of directori sitting on the board of company|j is given by

2573 (Xjj) 449Uk, (Xij; ) +0:617Ukg, (Xij; )
0:047uk o (Xij; ) 51 157Uk, (Xij; ); =20 (8.9)

Given the rest of the model, the director degrees had small w@ations, and they were sitting
on fewer boards compared to random networks; there was a temhcy against directors sharing
multiple boards. This is consistent with the data description, and con rms with the visualization
of the network. As can be observed from Figure 11, most direcrs only sat on one company
board, and there are few interlocked companies. This can beufther explained by the nature
of the network, as this network only involves nancial institutions. These companies provide
nancial services not only to themselves, but also to other gctors. Quite a few of the directors
with one degree may be interlockers with other industries. This network gives only a truncated
picture; our next example includes interlocked companiesrbm both the nancial and industrial
sectors.

8.2.2 Largest interlocked component from the top 500 (1996)

The largest interlocked component network from the top 500 isted companies of both the nan-
cial and industrial sectors in Australia in 1996, has 198 comanies interlocked by 255 directors
with 675 ties. A display of the network is shown in Figure 12 wtere black squares are the compa-
nies and grey circles are directors. We use this large netwkras an example to show how robust
the model with alternating k-stars and alternating two-paths is, in terms of obtaining model
convergence. At the same time, it also shows the limitationsof the model for large networks.

Figure 12: Largest interlocked component, Australia (1996)

The Markov model plus L3 and C4 parameters is degenerate and did not converge. Model
(8.10) converged successfully. It has parameters for the deity, alternating director and company

25



Table 7. Parameter Estimates for Model (8.10)

E ect MLE S.E. | t-ratio*
Density (L) -2.667 0.593| 0.016
Director Alt. k-star (K- Sp) 2.048 0.704| 0.014
Company Alt. k-star (K- Sp) | -0.229 0.232] 0.007
Alt. 2-path (K- Cp) 0.041 0.044| 0.003
Alt. 2-path (K- Cp) -2.063 0.293| 0.010
*t-ratios for convergence as de ned in (5.2)

Table 8: Not well tted statistics for model (8.10)

Z(x) obs. | Mean S.E. t-ratio
Sp, 393 | 248.785 21.606 6.675
Ca 146| 30.351 7.191 16.081

stddevDp | 0.974 0.791 0.037 5.001
skewDp 1.871| -0.194 0.161 12.811
Clust.Coef. | 0.116 0.027 0.005 16.642
dwm 84.538

k-stars, plus director and company alternating k-two-paths, with a damping parameter of =
2:0.

1
Pr(X = x) = —expf zL(X)+ Kkep Zkep (X5 )+ KonZkoa (X5 )
+ KCPZKCP(X; )+ KCAZKCA(X; )9; =2:0 (8.10)

The parameter estimates are listed in Table 7. We can see thathere is a strong positive
director star e ect (K- Sp). The parameter estimate for alternating two-paths centered at com-
panies (K-Ca) is negative and signi cant, indicating that directors ten d not to share multiple
boards. Given such an e ect, the positive and signi cant parameter estimate for the director
alternating k-stars (K- Sp) tells us that there are more directors sitting on many company boards
than expected in a random network, at the same time there are rare directors with low degrees.
The e ect of companies sharing multiple directors (K-Cp) being positive but not signi cant,
together with the strongly negative e ect for directors sharing multiple companies (K-Cp) tells
us that while pairs of directors may sit on some boards togetkr, they tend not to sit on many
shared boards. In other words, directors overlap in their ativity but do not replicate each other.
Given the tendency against replication of activity, there is evidence that some directors have
high degree. This suggests that highly active directors ted to broker between boards that do
not otherwise share directors.

The goodness of t of the models were tested using 3,000 samgd from 5,000,000 iteration
simulations. The model tted the statistics that are in the m odel very well, including alternating-
k-stars and alternating-two-paths. One may expect the lower oder stars and cycles would also
be well tted. However, the test results shown in Table 8 where the not well tted statistics
(t-ratio > 2:0) are listed, suggest that in this case, the model performs gorly on director three-
stars (Sp,), hence the director degree distribution ©p). The model also failed to reproduce the
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basic four-cycles C4), hence the clustering coe cients. Inclusion of parameters for three-stars
and four-cycles did not produce a converged model.

The models with alternating k-stars and alternating two-path s have their limitations, as not
all networks would have stars and four-cycles of di erent siz weighted geometrically. Despite of
such limitations, we can still use these models for interpreation. Robins and Alexander (2004)
compared the observed network with a simulated random netwdk distribution by looking at the
Z-scores for various graph statistics. The goodness of t tests indeed a comparison between the
observed network and a graph distribution where the density alternating-k-stars and alternating-
two-paths are centered at the observed statistics. Given theformula for the t-ratios, as in
Equation (5.2), the t-ratios from the goodness of t are equivalent to Z-scores indicating the
level of di erences between the observed network and the ggzh distribution generated by the
underlying model. With our model, the positive t-ratios indicate that there are many more
four-cycles and director three-stars in the observed network There is a higher variance on
director degrees, the network is more clustered@,4 and Clustering Coe cient), and the degree
distribution for directors is more skewed in the observed nevork than in the graph distribution
generated from the estimated model.

9 Conclusion and Discussion

The Exponential Random Graph Models, orp models, introduced by Frank and Strauss (1986),
Wasserman and Pattison (1996), and extended by Snijders, R&ison, Robins and Handcock
(2006), are stochastic models that provide insight into theformulation of complex social network
based on various local and global con gurations.

We reviewed the various model assumptions. The Bernoulli aaumption is inadequate for
real network data. The Markov and partial conditional dependence assumption expands the
models to network con gurations that consist of more than one dyad, but models may be
degenerate with maximum likelihood estimation for even smé# networks. The partial conditional
dependency assumptions enabled us to model the network cltesing e ect. The geometric
weighting technique makes MLE feasible for large networks.By applying similar techniques,
we proposed models for bipartite networks that include altenating k-stars and alternating two-
paths of two types. These statistics have been implementedni the program BPNet together
with the maximum likelihood estimation method. BPNet is fre ely available from the website
URL http://www.sna.unimelb.edu.au/pnet/pnet.html.

Using the classic Southern Women data, we illustrated the derences between PLE and
MLE, and suggested MLE should be the preferred method for ER®1s. By tting di erent
models to the data, we demonstrated heuristic approaches tdhe evaluation of goodness of
t and model selection, using both the t-ratios and the proposed Mahalanobis distance. The
model selection process also demonstrated that including ore parameters in an ERGM does
not always improve model goodness of t. The nal model we hae chosen is simple but explains
the network structure. The model interpretation tells us th at the structure of the network can
be explained by the popularity discrepancy among the events

The model for the top fty interlocking directors network sh ows how a simple ERGM, with
only four parameters, can produce a good t to a large network

The last example shows the limitation of the speci cation with alternating k-stars and al-
ternating two-paths on very large networks, as not all netwoiks will follow the geometrically
weighted stars or two-paths assumption. However, one can dtiuse the t-ratios to compare the
observed network with a network distribution that is much cl oser to the observed network than
the Bernoulli network distribution.
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One can further extend the model by including nodal level atributes as covariates. A
study on attendance of audiences at performances by Agneesss, Roose and Waege (2004) is
an application of a social selection model on a bipartite nework, however, pseudolikelihood
estimates were used. Other extensions of the model includeyddic attributes as covariates, i.e.
xed values for ties, multivariate networks, for which meth ods have been developed for one-mode
networks by Pattison and Wasserman (1999), and longitudind models that model the network
dynamics over time.

Compared with any of the previously speci ed models, incluson of terms for alternating
k-star and alternating two-paths provide much better possibilities of model convergence, or
obtaining maximum likelihood estimates. However, there isno guarantee that the model will
converge for all networks. Further investigation on the mockeling assumptions and the e ects of
more complicated network statistics may improve the chanceof achieving model convergence,
thereby producing better ts to observed data, and providing more interesting model interpre-
tations.
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