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This paper defines and summarises certain issutgmpeg to degree distributions that
affect the modeling of social networks. Some ekthissues remain essentially
unresolved in the existing research literature.

Definitions
(a) For nondirected graphs:

» Degreeof nodei: k(i), the number of edges incident with k()=
* Degree sequencg(l), k@), ..., k(n)is the (usually ordered) sequence of degrees
of the nodes, indexed by the labels, 1,2,nin the node set.

* Degree distribution(do, di, ..., ¢—1) wheredi is the number of nodes with degree
k.

(b) For directed graphs

* Outdegreeof nodei: x:, the number of arcs directed from nade X+ =%;x;
* Indegreeof nodei: x.;, the number of arcs directed to nade  Xx.i=Zjx;

* In- andoutdegree distributionglistribution of counts of nodes with indegree and
outdegree, respectively.

Figure 1 presents a nondirected network and theceded degree distribution in
histogram form.
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Figure 1
A nondirected network with degree distribution

1 We would like to thank Michelle Shumate for makimgy data available for the purposes of this tezini
report.



The issues

There are three related questions that are ceotolr concerns:

1. How best to represent degree distribution itissieal models for social networks?
2. What is the range of convenient and plausibietional forms that a degree
distribution might take?

3. How can we map a given functional form of a @egdistribution into an exponential
random graph parameterisation?

Probability models for the degree distributions

LetK be the degree ofmndomly chosen persan the network Then a statistical
model for the degree distribution is represented P|K=Kk) = f(k)

wheref(k) is a probability distribution.

The question is: what is an approprift@¢? The literature provides a small range of
possibilities

Degree distributions for simple random graphs

It is well known that Bernoulli random graph dibtitions (i.e. Erdds-Renyi graphs or
simple random graphs) produce graphs with appraeRaisson degree distributions
(and exact Poisson in the limit, c.f. e.g. Britt@®ijfen and Martin-L6f, 2006). Because
the properties of these graphs and of the degsdetdition are so well understood, they
are easy to work with. Unfortunately, it is alsellAknown that they do not fit empirical
network data well. There are two common featuresngpirical networks that simple
random graphs do not represent well: a high le/giangulation (i.e. clustering); and
positive skew on the degree distribution.

Another interesting feature attributed to empiricalworks has been referred to as
degree-based assortative mixjnghereby the degrees of adjacent nodes are cadela
This can be the outcome of high triangulation (Newmi Park, 2003). A possible
feature that has not been extensively examinechpirecal directed networks is the
extent to which in- and out-degree distributiors @rrelated.

Considerable attention has been given to the vegiahthe degree distribution as a
measure of inhomogeneity, including centrality aedtralization. The degree variance is
completely determined by the degree sequence aupddperties, both exact and in
relation to various random graph distributions j@ais, 1981a,1981b; and Hagberg,
2000, 2003a,b,c).

2 In the following, no explicit distinction is madetween degree data sampled independently andedegre
data that emanates from a completely observed nletovon nodes. In case of the former - which would
include for example collections of ego-networksorvey responses to “How many sexual partners have
you had in the past year” - the statemeahtiomly chosen persbmight actually have a plausible
interpretation in terms of the sampling mechanisnthe case of completely observed networks anid the
derived degree distributions, the notion cdridomly chosen persbis clearly tenuous and as a
consequence observed frequencies for degrees dammoddelled independently (not least because of
functional dependencies between degrees in theatdse example undirected networks).



Positively skewed degree distributions

It is common for empirical social networks to haasitively skewed degree
distributions. This result reflects social pro@sswhereby there is greater variation of
activity of actors in the network than would be egfed by chance. For instance, in
directed networks, it is not unusual to see son@sievho are highlpopular (indegree)
and/or highlyactive (sometimes referred to agpansive- outdegree). Sometimes, but
certainly not universally, empirical networks maghbit outliers in the degree
distribution with particularly high degree. These aften referred to dabs

Figure 2 presents collaboration network data (tiecfor 126 non-government and
inter-governmental organizations, collected by Saten(2008). Figure 3 presents the
corresponding degree distributions, which exhitsdrsy positive skew for both in- and
out-degree distributions.
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Figure 2
The NGO/IGO network (Shumate, 2008)
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Figure 3
Degree distributions for the NGO network



Inverse power law degree distributions (“scale fijlee
Barabasi & Albert (1999) proposed an inverse pdasrdegree distribution for
networks with highly skewed degree distributions.
LetK be the degree of a randomly chosen node in theonketwl hen an inverse power
law degree distribution is represented by:

P(K=k) is proportional t&~” (at least for largé)
wherep is a scaling parameter (greater than 1). It is com(e.g. Liljeros et al., 2003) to
find that authors define the power law in term&®tomplementary (for want of a better
term; it has been referred to also as the “sunfivattion”) cumulative distribution
function rather than itgrobability distributionfunction, something which not only
causes confusion but may also adversely affecttnregwonclusions (Jones and
Handcock, 2006).

This model for the degree distribution is influahin the physics network literature,
where such networks are referred tseale free network®8arabasi, 2002). A popular
mechanism for generating such networks ispitederential attachment mod@lbert &
Barabasi, 2002), whereby new nodes are added teetinork with a new connection
from the new node created to an existing node.prbkability of the new connection
relates to the degree of the existing nodes. Bhessentially a model whereby popular
nodes become more popular, thereby creating huts.nfodel was first proposed in
relational contexts by Simon (1955). Statisticalhe preferential attachment model is
represented by the Yule distribution (Yule, 1924).

Note that log?(K=k) is proportional to » logk. In the scale free network literature, it is
common to plot an inverse power law degree distidinuon a log-log scale to investigate
the linearity of the relationship and to estimatesing ordinary least square regression.
This procedure has been strongly criticized onsdieal grounds by Handcock and Jones
(2003). The linear fitting procedure cannot be naid by any standard statistical
principles and hence there is no clear relatiowbeh the model and fitting procedure.
Methodologically sound alternatives, such as Ihkadid-based approaches (Handcock &
Jones, 2004), are available for estimating the mpal@meters under the assumption that
data has been generated by a power law distribustatistical fitting of power law
distributions to actual data is however hamperethbysensitivity of the functional form
of the probability distribution function to degredsse to the origin. Non-statistical
approaches have avoided this issue by only stipgl@ower law behaviour for the tail of
the distribution. The choice of the lower lirkiti, above which the power law is said to
apply appears to be wholly arbitrary and its imgdiion for distributional assumptions is
unclear. Some rigour is introduced in the treatnoéig,, in Handcock and Jones (2003
and 2004) and Jones and Handcock (2006).

A rather trenchant critique of this literature heen presented by Li et al (2005), who
argue that scale free networks do not even applyegsupposed paradigm case of the
internet. Li et al attempt to establish some firgfiitions and systematic approach to
this body of research. What is quite clear, howeigaihat the supposed universality of
scale free networks, a claim that is sometimes madwt supported. Some networks



may be scale free but in each case this is an gralpguestion that needs to be
investigated rather than presumed. Handcock anesJ@903) have shown that careful
fitting of the degree distribution against a varief possible statistical models indicates
that scale free networks are not always the bistgimodel (see also Clauset, Shalizi &
Newman, 2007). It is also sometimes claimed thgtekedistributions determine all other
features of the network, so that only knowledgéhefdegree distribution is necessary to
understand the properties of the network. Thigwldbes not stand in the face of plenty
of counter-examples (Li et al, 2005; Robins, Paittiand Woolcock, 2005; Snijders and
van Duijn, 2002; Goodreau, 2007).

Figure 4 presents log-log plots of the degreeibistions for the NGO network (with
zero degree nodes excluded). It can be seen thpitel¢he strong skew of the two
distributions (Figure 3), and even using the legscpled OLS log-log fitting procedure,
an inverse power law distribution is not particudanvincing for these data.
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Figure 4
Log-log plots of the degree distributions for th&® network

Controlling for degree distributions

Newman, Strogatz and Watts (2001) developed arpapprto calculate a variety of
graph properties for graph distributions that aredom except for an arbitrary degree
distribution. This is an approach that takes thgreke distribution into account, rather
than model it and follows a long tradition withiocgal network analysis of using uniform
graph distributions controlling for certain gragatures as null models: in this case, the
uniform graph distribution with fixed degree dibutions U | {x.},{ i} — see for
instance, Snijders 1991). A generalized approathease of uniform graph
distributions is provided by Pattison, WassermaohiRs and Kanfer (2000).

Exponential random graph models

There is an advantage in including degree distiobuytarameters in a statistical network
model alongside other effects. The importance gfelebased effects can then be
examined alongside other possible processes suubnasphily or triangulation.




Exponential random graph models are an appealiygevaroceed but the degree
parameterization possibilities to date are somevmated.

In Markov random graph models (Frank & Strauss6)98egree distribution

information is essentially parameterised by the gg@ameters. The density parameter is
equivalent to a parameter for mean of the degr&elalition, while the 2-star parameter
is equivalent to a parameter for the second mowiethie distribution, the 3-star
parameter equivalent to third moment, and so oncklea model with full set of star
parameters is equivalent to a model where degstghiition is fully parameterized (at
least up to the largest degree, or the equivatanjpgrameter). However, this is
expensive in terms of parameters and there araitzdiproblems when the frequency of
a given degree is zero. Of course, in dyadic inddpet versions of the model for
directed networks, a full parameterization can ¢dl@eved through the;pnodel (Holland
& Leinhardt, 1981).

The challenge remains to develop a parameteristtairexpresses a given functional
form to the degree distribution. In part, the comakbion of star parameters into the
alternatingk-star parameter, proposed by Snijders, PattisohirR@nd Handcock (2006)
attempts to do this. As they show, this is eq@rato a parameterization for an
exponentially weighted degree distribution (see &lanter, 2007). These models can
capture degree distributions well in the right simstances (e.g. Goodreau, 2007; Robins,
Pattison, & Wang, 2008).

The alternatingk-star parameter can also produce skewed distrifmitieigure 5 shows
simulated degree distributions for models for 28engraphs with fixed density (0.20)
and an alternating-starparameter with values — 3, 0 and + 3. The boxgogsent the
frequency of nodes with a given degree acrossithelated graphs. As can be seen, the
positive parameter results in a small number ofesaslith high degree and a large
number of nodes with zero degree.
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Figure 5
Simulations of degree distributions

Experience has also shown that a negative altelastar parameter together with a
positive Markov 2-star parameter can result in ooy skewed degree distributions
without the appearance of many isolates, as inreiguzZhao, 2007). In addition, for
directed networks, the inclusion of parameters ifipatly for isolated nodessources
(nodes with zero indegree) asithks(nodes with zero outdegree) can improve fit of the



degree distribution (Robins, Pattison & Wang, 206®y directed networks, inclusion of
a Markov 2-path (or mixed 2-star) parameter intocel may also improve fit of the
correlation between in- and out-degree distribwgidn principle it is possible that
homogeneous Markov graph distributions may consilst€in the sense of expectancies
for Markov graph models that are nmobdeldegenerate) produce graphs with skewed
degree-distributions, for example with suitably sbio star-parameters up to the omer

1, but these may not always be estimable with angtless than parameter restrictions in
a vein similar to the alternatirigstar formulation.

Yet it is not universally the case that fit of degdistributions is good, especially for
directed networks. For example, Table 1 providearpater estimates and standard
errors for a model for the NGO network. The modwiditions on the density, as models
that included a density parameter did not conveiiges model fits many features of the
network well, including the standard deviation akdw of the outdegree distribution, but
not so for the indegree distribution. The obserstashdard deviation and the skew of the
indegree distribution were both more than four déad deviations above the mean from
a simulation of graphs from the model (for this doess of fit approach, see Hunter,
Goodreau & Handcock (2008); also Robins, Pattiswh\Wang, 2008). Nevertheless,
models with additional parameters either do notveoge or do not improve fit on the
indegree distribution.

Table 1
Parameter estimates for the NGO network
Parameter Estimate S.E.
Reciprocity 2.65 0.24
Source -0.87 0.42
Indegree (Altk-instar) 1.59 0.16
Outdegree (Altk-outstar) 0.38 0.20
Triangulation (AKT-TDU) 0.51 0.08

Conclusions and research issues

Despite attention paid to degree distributionseitent years, it is our conclusion that
possible forms of the degree distribution of engairnetworks have not been completely
examined, and the resulting implications for netganot fully understood. Inclusion of
degree-based parameters in statistical modelssisatdée but further work is necessary
for better or more extended options for parametéion. For instance, Snijders et al
(2006) proposed a possible alternative form ofsilna of ascending factorials of degrees,
in line with the Yule distribution, a suggestiomtthas not to date been taken up. In
particular, there is not a clear comparison offtiiens of the degree distribution and
counterpart parameterization that might producsetforms, except in a small number of
simpler cases. More work is needed to extend petenmation to enable better fit of
degree distributions, especially for directed nekso The goal would be to achieve this
fit without adding a huge number of star parametieais are difficult to interpret and may
in practice prove difficult to converge.
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